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Abstract

Prediction-market makers earn the spread while carrying two linked risks: fills can reveal
private information, and the marked probability can jump before inventory is unwound. This
paper formulates liquidity provision as a partially observed stochastic control problem in which
public order flow, probability jumps, and the maker’s own executions jointly identify a latent
information regime. The public price is a martingale on the probability simplex; a bounded flow
state changes the regime-dependent jump compensator and fill toxicity. The maker chooses bid
and ask offsets, may withdraw either side, and may use costly market orders to reduce inventory.
These controls lead to a nonlocal Hamilton-Jacobi-Bellman quasi-variational inequality. Under
boundedness, regularity, viability, and no-free-loop conditions, the separated value function is
characterized as the unique viscosity solution. For mutually exclusive outcomes, settlement risk
is governed by the categorical covariance diag(p) — pp", which makes complete-set inventory a
null direction and permits a conditional reduction from K inventory coordinates to K — 1.

The model is evaluated only with controlled synthetic experiments; no market data are used. A
finite-state implementation solves the filter and the hybrid control problem by backward induction
and evaluates eight policies with common random numbers. An independent implementation
of the diffusion-only passive benchmark of Feil and Nendel [2026] reproduces its optimal-policy
P&L standard deviation (10.38 versus 10.34) and mean absolute terminal inventory (15.26
versus 15.23). In the correctly specified leakage scenario, conditioning on flow raises the mean
control objective by 0.00163 (paired standard error 0.00033), the impulse option adds 0.00676
(0.00038), and partial observation costs 0.00810 (0.00055) relative to a full-information policy. A
duration-aware filter reduces the Brier score from 0.1408 to 0.1318 under non-geometric regime
durations. In a three-outcome diagnostic, a diagonal variance approximation misranks 27.2% of
random inventory pairs. The results identify where endogenous information signals, intervention
rights, and exact settlement geometry alter optimal market-making decisions.

Keywords: prediction markets; market making; stochastic control; partial observation; impulse
control; jump diffusion; hidden semi-Markov model.
JEL classification: C61, C63, D82, G13, G14.

1 Introduction

A binary event contract pays one unit if an event occurs and zero otherwise. Its arbitrage-free
price therefore lies in [0, 1], and under a pricing measure it is naturally represented as a conditional
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probability. This bounded payoff changes the market-making problem. Ordinary inventory risk
disappears after the event is known but becomes categorical settlement risk before resolution.
Volatility is state dependent, probability jumps are economically meaningful rather than exceptional,
and a large trade may be informative precisely because it precedes a public repricing. A maker who
treats flow, price risk, and execution as separate modules can therefore quote aggressively in the
state in which fills are most adverse.

The control problem studied here has three features. First, the public probability is a martingale
on the simplex, with a jump compensator that depends on a bounded order-flow state and an
unobserved information regime. Second, the maker learns about that regime from external flow,
public price changes, and its own fills. Because the likelihood of a fill depends on the quote, the
filter is control dependent. Third, the maker can quote, withdraw one or both sides, or cross the
spread to reduce inventory. The last choice is an impulse control, not a limiting quote. Together
these elements produce a partially observed hybrid control problem and a Hamilton—Jacobi—Bellman
quasi-variational inequality (HJIB-QVI).

The setting is an order-book market, not a scoring-rule or constant-function automated market
maker. The distinction matters. A scoring-rule mechanism chooses a deterministic cost function
and absorbs trader demand, whereas an order-book maker chooses prices at which executions arrive
stochastically. Work on bounded-loss and uniform-loss automated makers addresses the former
design problem [Hanson, 2003, Chen and Pennock, 2007, Moallemi et al., 2026]. The present problem
concerns an inventory-bearing agent whose limit orders face execution and adverse-selection risk.

The paper makes four contributions.

1. It gives a probability-simplex market model in which external flow changes both the distribution
of public jumps and the informativeness of executions, while preserving the martingale restriction.
The latent regime may be represented by a phase-type chain, allowing non-geometric durations
without losing a finite-dimensional filter.

2. Tt derives the separated stochastic-control problem when the maker’s observations include
its own quote-dependent fills. Quote placement has a dual role: it generates spread revenue
and changes the information arriving to the controller. Passive quoting, withdrawal, and
market-order inventory reduction are treated in one HJB-QVI.

3. It identifies the exact multi-outcome settlement geometry. For a categorical payoff, the
covariance C(p) = diag(p) — pp" has the complete-set direction 1 in its null space. This yields
a conditional dimension reduction and shows why diagonal or Euclidean inventory penalties
can give the wrong ordering of portfolios.

4. Tt supplies a reproducible finite-state solver and a controlled numerical design. A separate
diffusion-limit experiment reproduces the closest prediction-market stochastic-control benchmark
and verifies the nested passive specialization. The remaining experiments isolate the value of flow
information, impulse execution, partial observation, duration specification, and behavior under
heavy-jump misspecification. These are numerical experiments under specified data-generating
processes, not estimates of live-market profitability.

The contribution lies in the joint control problem. Prediction-market stochastic control has
recently been studied with continuous probability diffusions and passive bid—ask choice [Feil and
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Nendel, 2026]. Partial-information market making with hidden fill intensities is established for
conventional securities [Campi and Zabaljauregui, 2020]; persistent flow has been handled with
Hawkes processes [Jusselin, 2021]; and mixed limit/market-order control is known to produce QVIs
[Guilbaud and Pham, 2013]. None of these components alone addresses a probability-simplex
price, flow-dependent information jumps, controlled filtering through fills, categorical settlement
covariance, and impulse inventory reduction in the same model.

The numerical results are deliberately diagnostic. In the diffusion-only restriction, the implemen-
tation closely reproduces the optimal-policy risk and inventory results reported by Feil and Nendel
[2026]; agreement is the relevant target because the admissible passive-control problem is the same.
In the leakage data-generating process, flow conditioning improves the objective relative to the
same QVI solved without flow information, but its contribution is smaller than the contribution
of market-order inventory reduction. Under a null in which flow is uninformative, the flow-aware
controller loses a small amount because it reacts to noise. Under scheduled news, the same controller
is also slightly inferior to the no-flow specification because the event is time driven rather than flow
driven. These negative controls are important: the model does not make flow information valuable
by construction. Under non-geometric durations, augmenting the hidden state with regime age
improves probability calibration and halves the quiet-state false-positive rate, but also lowers the
fraction of leakage periods classified above a fixed 0.5 threshold. Under heavy jumps outside the
controller’s model, the filtered QVI remains materially better than passive and myopic policies,
without implying robustness to arbitrary misspecification.

The rest of the paper proceeds as follows. Section 2 positions the model in the relevant literature.
Section 3 specifies the probability, flow, regime, fill, and settlement processes. Section 4 derives the
controlled filter. Section 5 gives the HIB-QVI and its characterization. Section 6 treats complete-set
geometry. Section 7 describes the finite-state approximation, Section 8 establishes the nested
diffusion benchmark, and Section 9 reports the synthetic experiments. Section 10 states the model’s
limits, and Section 11 concludes. Proofs and implementation details appear in the appendices.

Large language models (primarily OpenAl’s ChatGPT) were used to assist with technical
calculations, code development, and text refinement, while the author conducted the majority of
the research, evaluated all outputs, and takes full responsibility for the final results.

2 Related literature

Prediction markets aggregate dispersed information into prices and have been studied as forecasting
and mechanism-design institutions [Wolfers and Zitzewitz, 2004, Arrow et al., 2008]. The price of an
event claim need not equal a physical probability when risk premia, collateral constraints, fees, or
segmented participation are present. This paper therefore works under an explicitly chosen pricing
measure Q and treats the quoted probability as a martingale price, not as an unrestricted claim
about population beliefs.

Two recent strands are especially close. Dalen [2025] specifies a logit jump diffusion whose
drift is fixed by the requirement that the probability price be a Q-martingale. Feil and Nendel
[2026] formulates optimal passive market making for a binary prediction contract, derives an HJB
equation, proves a classical-solution result for their transformed diffusion setting, and quantifies
the roles of inventory, belief, time to resolution, and risk aversion. Xi et al. [2026] develops a
structural volatility model with deadline-resolution and informed-order-flow channels and evaluates
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it on Kalshi contracts. Information-based asset-pricing models also provide a general route from
signal revelation to conditional-probability prices [Brody et al., 2008]. The model below retains the
martingale restriction but focuses on latent leakage, marked jumps, and quote-dependent learning.

Latent-state methods have also been applied directly to bounded prediction-market prices. A
groupwise Beta hidden Markov model uses regime-dependent Beta emissions and cross-contract
structure to classify price behavior [Voigt, 2025]. The present formulation uses a finite hidden regime
to represent variation in jump and fill laws, and phase augmentation to accommodate non-geometric
durations while preserving a finite-dimensional filter. These objects are embedded in an explicit
observation filtration and control problem.

The conventional market-making literature begins with dealer inventory and transaction uncer-
tainty [Ho and Stoll, 1981] and includes tractable intensity-based formulations [Avellaneda and
Stoikov, 2008, Guéant et al., 2013, Guéant, 2016]. The adverse-selection channel goes back to models
in which order flow conveys information about value [Glosten and Milgrom, 1985]. Multi-asset exten-
sions show that covariance structure, rather than separate marginal variances, determines inventory
pressure [Bergault et al., 2021]. The categorical covariance in Section 6 is a prediction-market
specialization with an exact null direction.

Partial information and persistent flow are established control topics. Campi and Zabaljauregui
[2020] filter hidden Markov fill intensities and characterize a reduced value function by a viscosity
HJB equation. Jusselin [2021] models persistent order flow by Hawkes processes and gives a
consistent numerical method. The current formulation differs in two linked respects: the hidden
regime governs both public probability jumps and executions, and the maker’s quote changes the
fill likelihood used in Bayes’ rule. The filter therefore cannot be estimated once and passed to a
controller without retaining the control in the observation law.

Finally, impulse control is required when a maker can cross the spread for immediate execution.
Guilbaud and Pham [2013] formulate limit and market orders as regular and impulse controls and
obtain a QVI. Standard references cover jump-diffusion and impulse-control methods [Pham, 2009,
(Oksendal and Sulem, 2007, Cont and Tankov, 2004]. Here the intervention operator is coupled to a
partially observed probability-jump state and to terminal categorical risk.

3 Market and information model

3.1 Event payoffs and probability prices

Let (Q, F,F,Q) satisfy the usual conditions. There are K > 2 mutually exclusive and exhaustive
outcomes. The settlement payoff is

Y =eje{e,...,ex},

where ey, is the kth coordinate vector. Trading takes place on [0, 7] and resolution occurs immediately
after the trading horizon. The public price vector is

P, =EQy | FP" e AR AR —fpef0, 1) 1Tp =1} (1)

Thus P is a bounded Q-martingale. The measure Q absorbs any pricing wedge relevant to the
traded contracts. No claim that P, equals a representative agent’s physical belief is needed.
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Let St € S ={1,...,m} be an unobserved information state. A two-state interpretation is quiet
versus leakage. More states can represent phases within a duration distribution, a distinction used
in Section 4. The maker does not observe S. The regime carries information about the timing and
magnitude of repricing, not its direction; we impose EQ[Y" | G;] = P, for the maker’s observation
filtration G;. If private fills also reveal directional information about settlement, the maker’s posterior
outcome probability must replace P; as an additional controlled state.

We model the public price as

dPt = Z(Pt—th—7t) th+ ZﬁP(dt,dZ), (2)
Z(P-)

where W is a Brownian motion, H is an observed flow state defined below, and
pf (dt,dz) = pf'(dt,dz) — vs, (P,_, Hi_,t,dz) dt.
The regime-dependent compensator separates public-news intensity from leakage intensity:
velp. bt dz) = {50, 1) + A2 (p, A(h),|T(W)) } Fulp. bt d2). (3)

The first term accommodates scheduled or background news. The second is increasing in selected
specifications of activity A and imbalance magnitude |I|. The jump mark law has support

Zp)={zeRF :p+zecAF1 1T =0}

For the core filtering result, 3 is common across hidden states. Otherwise continuous observation of
quadratic variation can reveal S immediately when regime volatilities differ. Regime information
enters the observable jump and point-process laws instead.

Assumption 1 (Simplex viability and integrability). For every (p, h,t), 17%(p, h,t) = 0. If p = 0,
then e} X(p, h,t) = 0. Each Fs(p, h,t,-) is supported on Z(p), has finite second moment, and satisfies
| zFs(p, h,t,dz) = 0. The coefficients are predictable and the stochastic integrals in (2) are well
defined.

Proposition 1 (Simplex martingale). Under Assumption 1, a solution of (2) starting in AK—!
remains in A=Y, If it is nonexplosive, it is a true Q-martingale.

The result separates economic and geometric restrictions. The compensator makes each coordinate
a local martingale; boundedness upgrades it to a martingale. Tangency, boundary degeneracy, and
admissible jump support keep the process in the simplex. A direct proof is in Section A.

For K =2, write p = S(z) = (1 + e~ %)~ A logit jump diffusion
X, = px (Xo—, Hyo, t)dt + ox (Xo_, Hy_, {)dW, + / 2 (dt, d2) (4)
R

induces a martingale probability precisely when its predictable drift satisfies

35" (@)o% (x, h,t) + [g{S(z + 2) — S(z) — §'(2)z}vx (z, h,t,dz) 5)
S'(x) '

px(z, h,t) = —

This is the risk-neutral logit restriction used by Dalen [2025]. The direct simplex representation
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(2) is more convenient for mutually exclusive outcomes; (5) shows that the binary formulation is
consistent with it.

3.2 Observed order flow

Let ,uo(dt, d() be the marked point measure of public market orders, with marks ¢ = (&, v) containing
sign € € {—1,+1} and a nonnegative size or impact statistic v. Its regime-dependent compensator is

ps(p; h, T, dQ)dt.

The maker compresses recent order flow into exponentially decaying states

dHF = —kHEdt + w(v) O (dt, de, dv), (6)
{e=%£1}
and bounded transforms
H — H H; +H
I(H,;) = %7 A(Hy) = % (7)
e+ H+ H, c+ H,”+ H,

The bounded transforms prevent a single scale choice from making jump intensities unbounded. A
logit-impact weighting w(v) is one possible specification near probability boundaries; the theory
requires only predictable, integrable marks and bounded intensities after transformation.

3.3 Limit-order fills and adverse selection

For outcome k, the maker posts a bid bf = P} — 5f’k and ask af = PF + 5?”“. A side can be
withdrawn, denoted by § = co. Conditional on S;_ = s, maker fills are counting processes M%* and
M®* with intensities

Agk(Pt—aHt—?(sf’k)? A?k(Pt—aHt—?é?’k)' (8)

The intensities decrease with the quote offset and may increase with activity. Adverse selection can
be represented either by regime-dependent intensities or by a marked joint law for a fill and the
next public price jump. The numerical model uses the latter: a bid fill is more likely when the next
probability move is down, and an ask fill is more likely when it is up.

For a complete set, quote vectors must exclude static arbitrage:

K K
Sob<1, Y di>1 (9)
k=1 k=1

Selling one share of every outcome pays one unit at settlement, so aggregate bids above one admit
an immediate arbitrage against the maker. Aggregate asks below one create the corresponding
buy-side arbitrage.



Optimal Market Making under Information Risk C. O. Voigt

3.4 Inventory, cash, and settlement risk

Let Q; € ZX be inventory and X; cash. Unit maker fills change the state by

bid fill in k: (X, Q) — (X —b*,Q + ep),
ask fillin k: (X,Q) — (X +a*,Q —eyp).

At intervention times 7,, a market order &, € ZX gives
Qr, = Qru— +&n  Xp, = Xpo = P1_&n — c(én; Pr—, Hr,, ), (10)

where c includes half-spread, fees, and impact. In the numerical implementation, interventions can
only reduce the magnitude of each binary inventory position; they cannot initiate directional risk.

The predictable covariance rate of the public probability is
As(p, h,t) = X7 (p, h,t) —i—/zzTVs(p,h,t, dz), A(p, h,,t) Zﬂ's s(p, hyt). (11)
The maker uses a mean—variance control criterion

Ju(ta z,p, h? T, Q) = E?,a:,p,h,mq

1 /T —
Xr+QFPr =5 [ A()QTAP,, Hy iy, 1)Qr dr

- ?@%O(PTWT] , (12)

where C(p) = diag(p) — pp". The running term penalizes local marked-price variation. The terminal
term is the exact conditional covariance of categorical settlement, scaled by . Transaction costs
from impulses already enter X. The value function is V' = sup,, J* over admissible quote, withdrawal,
and impulse policies.

4 Controlled filtering of the information regime

The maker’s observation filtration G = (G;) contains P, public order-flow marks, its own fill processes,
and its past controls. Define

=Q(S:=s|6G), seS. (13)
Because own executions are observations, their likelihood must be evaluated at the posted quote.
Suppose an observed event of type r with mark y has state-dependent predictable density or intensity
0 (y; Pr—, Hy—, 6;—). At the event time,
 om by P, Hy 04
Yy P i, 6-)

(14)

For a maker bid fill, £7 is A%*(p, h, 6*); for survival without a fill, the absence of an event contributes
the usual intensity-compensator term. If G = (g;;) is the generator of S, the between-event posterior
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dynamics contain

drmj = nggjs dt — 7 | 05) — ngﬁg(&g) dt 4+ innovation terms, (15)
J J

where £ is total observed-event intensity and the innovation terms include compensated observed
point measures. Standard finite-state filtering gives the complete expression [Elliott et al., 1995,
Cappé et al., 2005]. Equation (14) is the part that matters most for control: changing the quote
changes both execution revenue and posterior evolution.

4.1 Duration dependence through phase augmentation

A two-state continuous-time Markov chain implies exponential holding times; its discrete-time
analogue implies geometric durations. Leakage episodes may instead have increasing or decreasing
exit hazards. A finite-dimensional solution is to replace each economic regime by phases. Let (s, d)
denote regime s and duration phase d € {1,..., Ds}. Transitions within a phase block and exits to
another block define a finite generator. The resulting holding time is phase type, a dense class on
the positive half-line [Asmussen et al., 1996]. The posterior remains finite dimensional, now over
>s Ds states. A hidden semi-Markov model with a finite duration cap is the discrete counterpart.

This augmentation is substantive rather than cosmetic. Two observations with the same current
leakage probability can imply different next-period hazards if one posterior concentrates on early
phases and the other on late phases. The numerical diagnostic in Section 9.4 compares a constant-
hazard filter with an age-augmented filter under a non-geometric data-generating process.

Assumption 2 (Filtering regularity). The hidden state space is finite. State transition rates
and observed-event intensities are bounded. Observation densities are measurable and, on active
quote sets, their mixture likelihood is strictly positive. The common continuous covariance of P is
known to the controller; hidden-state dependence enters through observed jump and point-process
characteristics. Controls are predictable with respect to G.

Theorem 1 (Finite-dimensional separation). Under Assumption 2, the posterior ™ obeys a finite-
dimensional controlled filtering equation. For every admissible history-dependent policy there is
a policy Markov in (t, Py, Hy, 7, Q1) with the same conditional law of future rewards. Hence the
partially observed problem is equivalent to a fully observed control problem on the separated state.

The theorem does not assert certainty equivalence. The separated state is sufficient, but the
control still affects the generator of w. A policy obtained by filtering under one fixed quote and
then optimizing as if the filter were exogenous generally solves a different problem.

5 Hybrid stochastic control and the HIB—QVI

Cash translation gives
V(t,z,p,h,m, q) =z +v(t,p, h,T,q). (16)

Let z = (p, h,7) denote the continuous separated state. For a regular quote control ¢ € D(z, q),
let A? be the controlled generator of (P, H, ), including exogenous observed jumps and posterior
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updates. Maker-fill operators must update cash, inventory, and belief simultaneously. For example,

b,k

flikv(ta Z,q) = K (Z’ 5) [U(f, Z;k(é)a q+ ek) - U(t, 2, Q)

— (o — ")), (17)

—b,k o
where A" = 3, 7, AYF and z;’k replaces m by the Bayes update conditional on that fill. The ask
operator has inventory q — e, and cash increment pj, + 6%*.

Define the regular-control Hamiltonian

K

1) 1—

Ho(t,z,q) = sup {@v + A%y 4 Z (f,ikv + .7:27kv) - quA(z,t)q}. (18)
0€D(z,q) k=1 2

The admissible quote set enforces inventory bounds and (9). Withdrawal is an ordinary action with
zero fill intensity.

For an impulse ¢ in a finite admissible set Z(z, q), define

Mo(t,2,q) = sup {o(t,2,q+8 ~pT€~cl&ip,h)} . (19)
£€(z,q)

Zero-size impulses are excluded. The value function solves
max {Hv(t, z,q), Mu(t,z,q) —v(t,z,q)} =0, (20)

with terminal condition y
T
U(Tvpa h7 T, Q) = qu - 7qTC(p)q (21)

The continuation region has v > Mwv and satisfies the controlled integro-HJB equation. In the
intervention region, an immediate inventory-reducing market order is optimal. Pulling a quote is
distinct from intervening: withdrawal avoids future fills but does not change current inventory.

Assumption 3 (Control problem). The probability and belief simplexes and the transformed
flow domain are compact; inventory is bounded. Regular action sets are nonempty and compact.
Coefficients, rewards, jump kernels, and observation likelihoods are bounded and uniformly continuous
in the continuous state, with the Lipschitz conditions required for existence of the controlled process.
The simplex viability conditions hold. The impulse set is finite at each inventory, c(§) > co > 0 for
& # 0, and intervention cycles have strictly positive total cost.

Theorem 2 (Dynamic programming and QVI characterization). Under Assumptions 2 and 3, the
separated value function satisfies the dynamic programming principle and is a bounded continuous
viscosity solution of (20)—(21). On compact interior state domains with the state-constraint boundary
condition induced by simplex viability, the comparison principle holds for the associated proper
nonlocal QVI; consequently the viscosity solution is unique. If a sufficiently smooth solution exists
and measurable maximizing selectors are admissible, the selectors and the intervention rule v = Mwv
are optimal.

The proof follows the controlled jump-diffusion and impulse-control arguments in Pham [2009]
and Oksendal and Sulem [2007], with the filtered state included in the controlled generator. The
positive intervention cost prevents accumulation of costless impulses. Nonlocal comparison uses the
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same doubling-of-variables structure as viscosity results for integro-differential equations [Barles and
Imbert, 2008]. Section A records the steps and the points at which the assumptions are used. Unlike
the diffusion-only result of Feil and Nendel [2026], the natural regularity class here is viscosity rather
than classical because public jumps, posterior jumps, withdrawal boundaries, and interventions
create nonsmooth value functions.

6 Complete-set settlement geometry
For Y =e; with Q(J =k | P =p) = pg,
Cov(Y | P = p) = C(p) = diag(p) — pp. (22)

Thus the conditional variance of inventory settlement is

K

Var(q"Y | P=p) = ¢"Co)a = > ps (e —»"a) - (23)
k=1

Proposition 2 (Complete-set invariance). For every p € AX=1 C(p)1 = 0. Consequently,
(q+c)TC(p)(qg+cl)=¢"C(p)g for every c € R.
If p is in the relative interior of the simplex, the null space of C(p) is exactly span{1}.

Equal inventory in every outcome is a riskless complete set: it pays the same amount in every state.
A diagonal penalty >, pr(1 — pk.)q,% ignores the negative cross-covariances —pyp; and incorrectly
penalizes this direction. The same issue affects Euclidean penalties.

Let B € REX(K=1) have columns ej, — ex, k < K. Every inventory can be written ¢ = Bg+cl. If
trading costs, constraints, and rewards are invariant to adding a complete set at its no-arbitrage price,
the risky control problem can be expressed in § € R¥~!. Frictions can break exact control invariance
even though settlement-risk invariance remains exact. Accordingly, the dimension reduction is
conditional on the complete-set execution convention; the covariance identity is unconditional.

7 Finite-state numerical method

The experiments use a deliberately transparent discrete model rather than an estimated continuous-
time calibration. It preserves the information structure and the hybrid action set while allowing
exact backward induction.

7.1 State, observations, and actions

There are H = 24 decision dates. The binary public probability lies on
P ={0,0.05,...,0.95,1},

inventory lies in {—4, ..., 4}, observed activity lies in {0, 1,2}, and the leakage posterior is discretized
on 21 equally spaced points. The hidden state is quiet (s = 0) or leakage (s = 1), with transition

10
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matrix
0.94 0.06
G = . 24
(0.30 0.70) (24)
The initial public probability is 0.5, initial leakage probability is 0.1, and initial inventory is zero.

At each date the maker chooses a bid level and ask level from {off, tight, wide}, giving nine
regular actions. Tight and wide offsets are 0.0125 and 0.025. The one-step observation is

On = (Fp, Dy, Bn, Ay) € {0,1} x {—1,0,1} x {0,1}?, (25)

where F), is high external flow, D,, is the sign of the public probability move, and B,,, A,, are bid
and ask fills. Its state-conditional likelihood factors as

Ly(o| p,a,0) = gs(f) ms(d | p, a) Bern(b; ¢) Bern(r; ¢3). (26)

The factorization is conditional, not an assertion that fills are uninformative about price changes:
#% and ¢? depend on d. A bid is more likely to fill before a down move and an ask before an up
move, with a stronger asymmetry in leakage.

The nonzero move probability at p is

Xs(p @) = 4p(1 = p) (0 + x¢'a/2), (27)

clipped below one. Conditional on a nonzero move, up and down have equal probability and
magnitude 0.05, so the public price is an exact martingale. The factor 4p(1 — p) shuts down moves
at the absorbing boundaries. High-flow probabilities are 0.12 in quiet and 0.72 in leakage. Baseline
nonzero-move probabilities at p = 0.5 are 0.08 and 0.42, before the activity increment.

After observation o, the filter is

_ mu(s)Ls(o] p,a,0)
Zj 7T7L(] L](O | b, a, 5)’

Tn(8) Tnt1 = TnG. (28)

The next posterior value is linearly interpolated between belief-grid nodes in backward induction.

7.2 Bellman recursion

Let V,,(p,a,m, q) be value before the intervention decision. A market order may move ¢ only toward
zero. If ¢’ is the post-intervention inventory, its cash increment is

—p(q' — q) — hld' — q| — n(d' — q)?, (29)

with A = 0.018 and n = 0.0015. Given ¢/, a regular action maximizes expected quote cash flow plus
continuation value minus

2@ Var(AP, | poam),  y=8.
The terminal value is
T
Vi (p,a,m,q) = ap = 5-p(1 - p)®,  ~r =0.35. (30)

11
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Backward induction enumerates the admissible impulse targets, nine quote actions, and all 24
observations. This is an exact solution of the stated finite Markov decision problem up to floating-
point arithmetic and belief interpolation.

Filtered policy at t =H/2 and p=0.5

Low flow High flow
S
[=} 2 i 2 <}
o @
B B <
2 5 )
S E o1 y ° F
o > 2
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e 2
o, —2 1 7 -2 £
E —
—4 .
T T 4
4
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o
T
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=
Active quote sides
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T T T T 1 T T T T
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Figure 1: A slice of the filtered policy at the midpoint of the horizon and p = 0.5. The upper panels
show the inventory change selected by the impulse decision; the lower panels show the number
of active quote sides. Columns compare low and high observed activity. High leakage belief and
nonzero inventory expand the intervention region and reduce two-sided quoting.

Figure 1 displays a policy slice. The impulse rule is monotone in inventory magnitude over most
of the slice but changes discretely with posterior leakage probability. Quoting is not equivalent to a
fixed posterior threshold: inventory, flow, and remaining horizon jointly determine whether zero,
one, or two sides remain active.

7.3 Benchmarks
Eight policies are evaluated.

1. Filtered QVI: the partial-information policy with flow observations and impulses.
Filtered passive: the same filter and regular control, with market-order impulses disabled.

No-flow QVI: a QVI solved with flow made uninformative and the activity effect removed.

= W N

Pooled passive: a passive policy that pools the two regimes.

5. Oracle QVI: a policy that observes the true current regime.

12



Optimal Market Making under Information Risk C. O. Voigt

6. Fized threshold: two-sided tight quotes until leakage belief exceeds 0.68, then withdrawal and
inventory reduction.

7. Flow heuristic: tight quotes at low activity, wide quotes at medium activity, and withdrawal at
high activity.

8. Myopic: tight quotes with an inventory-bound skew but no dynamic inventory reduction.

The oracle is an information upper benchmark only when its transition and observation model
match the data-generating process. In deliberately misspecified scenarios, it is simply a policy that
sees the current regime while using the baseline model; it need not bound other policies.

8 External benchmark and nested diffusion limit

The closest direct benchmark is the binary passive-control problem of Feil and Nendel [2026]. This
section serves two purposes. First, it verifies that the present framework contains their HJB as a
restricted case. Second, it implements their published synthetic specification independently and
tests whether the reported optimal-policy behavior can be recovered without using market data or
tuning parameters to their output table.

To obtain the restriction, set K = 2 and represent inventory by the number ¢ of claims on
outcome one. Suppress the flow and posterior states, set the public jump measure to zero, exclude
the intervention set, and permit only passive bid and ask quotes. Let

dpy = <(t,pe) dW;

and let fills of size A arrive with intensities A’(¢, p, 7%) and A%(¢,p, 7®). Because the risk terms
in (12)—(21) use a factor of one half, set y(t) = 2ypx and yp = 2yp pn. After subtracting marked
inventory ¢gp from the cash-separated value, the QVI continuation equation reduces to

1
0= -0,V — §§(tap)28ppv +vENGZs(t, p)?

Vtupaq _Vt7p7q+A a Vtvpaq _Vtapaq_A
—1{q<Q}Hb<t,p; ( ) A( ))_1{q>Q}H (t,p; ( ) A( )>,

(31)
with V(T,p,q) = —’YT,FNQ2P(1 —p) and

He(t,p;2) = A sup A°(t,p,m)(G°(p,7) —2), G°=p—m, G*=m—p.
w€[0,1]
This is the reduced HJB of Feil and Nendel [2026]. The nested policy should therefore agree with
their optimum up to numerical approximation; exceeding it under the same state, objective, and
passive action set would not constitute an economic improvement.

The reproduction uses their reported diffusion, intensities, and parameters: A = 10, Q = 100,
N = 4 x 1073, and YT FN = 1073. We solve the HJB by damped implicit Euler on a 400 x 201
time—price grid with 401 quotes. The 10,000 paths begin at py = 0.5 and settle as Bernoulli(pr).
The source bounds only the optimal policy; we report its unbounded myopic convention and a
common-bound variant.
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Table 1: Replication and common-constraint comparison with Feil-Nendel

Source Policy Mean P&L  P&L s.d. Elgr| VaRgos ESo.os
Published Myopic 12.47 28.11 49.37 3241 40.50
Reproduction Myopic, unbounded 12.55 34.66 57.05 44.52  61.13
Reproduction Myopic, common bound 12.15 27.36 47.41 32.79  40.03
Published Optimal passive 12.39 10.34 15.23 4.20 9.68
Reproduction Restricted HJB 12.55 10.38 15.26 4.06 9.28

Published entries reproduce Table 2 of Feil and Nendel [2026]. Reproduction entries use their reported model
and parameter values, 10,000 synthetic paths, 400 Euler steps, a 201-point price grid, and a 401-point HJB
quote grid. VaR and ES are positive loss magnitudes. The published myopic strategy is described as unbounded;
the common-bound row applies |g| < 100 to both policies. The Restricted HIB is the passive, diffusion-only
specialization of the model in this paper.

The restricted HJB reproduces the published optimal row closely. Mean P&L is 12.55 versus
12.39, P&L standard deviation is 10.38 versus 10.34, mean absolute terminal inventory is 15.26
versus 15.23, and the two downside-risk measures differ by less than 0.42. The common-bound
myopic reproduction also closely matches the published risk profile: its P&L standard deviation
is 27.36 versus 28.11, mean absolute terminal inventory is 47.41 versus 49.37, VaR is 32.79 versus
32.41, and expected shortfall is 40.03 versus 40.50. Relative to that common-bound comparator,
the restricted HJB reduces P&L standard deviation by 62.0%, terminal inventory by 67.8%, VaR by
87.6%, and expected shortfall by 76.8%, while its mean P&L is 0.41 higher.

The unbounded myopic implementation has similar mean P&L but more dispersion than the
published row: standard deviation 34.66, mean absolute terminal inventory 57.05, and expected
shortfall 61.13. It crosses the nominal inventory bound on 25.4% of paths at some point and finishes
outside it on 13.9%. This discrepancy is reported rather than removed. It shows that the risk
statistics of the myopic comparator are sensitive to the discrete execution and inventory convention,
whereas the optimal-policy reproduction is stable. For the extension experiments below, every policy
is therefore evaluated under a common inventory constraint and common random numbers.

The benchmark establishes nesting and numerical continuity with the closest existing prediction-
market control model. It is not the source of the paper’s incremental performance claim: when flow,
public jumps, hidden states, and impulses are absent, the expanded framework deliberately collapses
to the passive optimum. Incremental value is evaluated only after the corresponding information
channels or controls are introduced and is accompanied by negative controls.

9 Controlled synthetic experiments

9.1 Design and estimands

No observed market data enter the experiment. All parameters in Table 2 are normalized inputs.
Five data-generating processes are used:

1. Quiet null: flow, jump activity, fills, and adverse selection are identical across the nominal
hidden states. Flow should have no information value.

2. Leakage cascade: the controller’s two-state model is correctly specified. Leakage produces more
high-flow observations, more public moves, and more adverse fills.

14



Optimal Market Making under Information Risk C. O. Voigt

3. Scheduled news: flow is uninformative and move probability rises late in the horizon for
exogenous time-based reasons.

4. Duration asymmelry: state-switching hazards depend on the age of the current regime, while
the baseline controller uses constant transition probabilities.

5. Heavy-jump stress: the data-generating process permits two-grid moves and stronger adverse
selection, while the controller is solved for one-grid moves.

Each scenario-policy cell contains 10,000 paths. Policies within a scenario use the same public
states, settlement uniforms, and fill uniforms. Pairwise differences therefore use common random
numbers. Reported standard errors for policy levels are ordinary Monte Carlo standard errors;
ablation standard errors are computed from pathwise paired differences. Settlement is sampled as
Y ~ Bernoulli( Py ), preserving calibration of the synthetic martingale.

The primary performance measure is the realized finite-horizon analogue of (12):
H-1

~ 1
J=Xut+anlPu -5 > va; Var(AP, | DGP) — 77TPH(1 — Pu)qi. (32)
n=0

Settlement P&L is X + qrY . Expected shortfall ESg g5 is the mean settlement P&L among the
worst five percent of paths. Objective values and P&L are in normalized contract-value units; they
are not annualized returns, Sharpe ratios, or estimates of implementable dollar profit.

Table 2: Baseline numerical parameters

Parameter Value
Decision steps 24
Probability-grid spacing 0.05
Inventory bound +4
Belief-grid points 21
Quiet-to-leakage probability 0.06
Leakage-to-quiet probability 0.3
High-flow probability, quiet/leakage 0.12 / 0.72
Move probability at p = 0.5, quiet/leakage 0.08 / 0.42
Tight/wide quote offsets 0.0125 / 0.025
Running risk coefficient 8.0
Terminal risk coefficient 0.35
Impulse half-spread 0.018
Impulse quadratic impact 0.0015

Parameters are normalized simulation inputs, not estimates from market data. Boundary attenuation
multiplies move probabilities by 4p(1 — p).

9.2 Policy performance

Table 3 and figure 2 give the main policy levels. In the correctly specified leakage scenario, Filtered
QVTI has mean objective 0.0656 with standard error 0.0008. No-flow QVI has 0.0640, Filtered passive
has 0.0589, and Myopic has —0.0464. The full-information QVI, not shown in the main table, has
mean 0.0737. The paired Filtered-QVI advantage over Myopic is 0.1120 with standard error 0.0014.
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The ranking is not driven only by the mean penalty. In leakage, Filtered QVI has worst-five-
percent settlement P&L of —0.0995 and mean absolute terminal inventory 0.0011. The passive
policy has —0.4811 and 0.2121, respectively; Myopic has —1.0420 and 1.1083. The filtered QVI
quotes at least one side for 89.7% of all side-time opportunities, so its tail behavior is not obtained
by permanent withdrawal.

The negative controls behave as intended. In the quiet null, No-flow QVI exceeds Filtered QVI
by 0.00179 on a paired basis. In scheduled news, the no-flow policy exceeds it by 0.00063. A
controller that interprets flow through the leakage model pays for reacting to an uninformative
signal. Conversely, flow conditioning helps in the duration-asymmetry and heavy-jump scenarios,
where flow still carries regime information despite misspecification.

The heavy-jump stress produces the lowest filtered-policy objective, 0.0306, and the most negative
filtered expected shortfall, —0.2368. Even there, Filtered passive has expected shortfall —0.5191
and Myopic has —1.1304. This is evidence about one specified stress process. It does not establish
a distribution-free robustness guarantee.

Table 3: Policy performance across synthetic scenarios

Scenario Policy Objective Settlement P&L  ESp.0s5 Elgu| Quote uptime
Quiet null Filtered QVI 0.0937 (0.0008) 0.1062 (0.0008) -0.0531 0.0003 0.925
No-flow QVI 0.0955 (0.0008)  0.1079 (0.0008) -0.0522 0.0002 0.944
Filtered passive 0.0838 (0.0008) 0.1079 (0.0024) -0.4689 0.2151 0.776
Myopic 0.0082 (0.0014) 0.1326 (0.0066) -1.0032 1.0989 0.867
Leakage cascade Filtered QVI 0.0656 (0.0008)  0.0800 (0.0008) -0.0995 0.0011 0.897
No-flow QVI 0.0640 (0.0008) 0.0786 (0.0008) -0.1076 0.0013 0.933
Filtered passive  0.0589 (0.0008) 0.0831 (0.0024) -0.4811 0.2121 0.757
Myopic -0.0464 (0.0016)  0.0773 (0.0067) -1.0420 1.1083 0.866
Scheduled news Filtered QVI 0.0780 (0.0009) 0.1008 (0.0010) -0.1052 0.0023 0.909
No-flow QVI 0.0787 (0.0009) 0.1015 (0.0009) -0.0979 0.0017 0.910
Filtered passive 0.0702 (0.0010) 0.1074 (0.0023) -0.4532 0.1908 0.767
Myopic -0.0487 (0.0020)  0.1217 (0.0066) -0.9990 1.1031 0.866
Duration asymmetry Filtered QVI 0.0595 (0.0008) 0.0751 (0.0008) -0.1054 0.0010 0.891
No-flow QVI 0.0587 (0.0008)  0.0744 (0.0008) -0.1116 0.0013 0.930
Filtered passive 0.0525 (0.0009) 0.0770 (0.0024) -0.4859 0.2035 0.754
Myopic -0.0570 (0.0016)  0.0767 (0.0066) -1.0338 1.0999 0.867
Heavy-jump stress Filtered QVI 0.0306 (0.0012) 0.0635 (0.0012) -0.2368 0.0192 0.897
No-flow QVI 0.0262 (0.0012)  0.0595 (0.0013) -0.2561 0.0212 0.931
Filtered passive 0.0211 (0.0012) 0.0737 (0.0025) -0.5191 0.2298 0.762
Myopic -0.1463 (0.0024)  0.0569 (0.0067) -1.1304 1.1235 0.864

Means are followed by Monte Carlo standard errors in parentheses. ESp .05 is the mean settlement P&L in the
worst five percent of paths. Each scenario-policy cell contains 10,000 paths. Policies within a scenario use common

random numbers.
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Policy value across synthetic scenarios
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Figure 2: Mean control objective and 95% Monte Carlo intervals. The vertical line marks zero. The
figure reports five representative policies; the fixed-threshold, flow-heuristic, and full-information
policies are retained in the replication output and selected comparisons below.

9.3 Component values and information loss

Table 4: Paired increments in the control objective

Scenario Flow information Impulse option Oracle gap
Quiet null -0.0018 (0.0002) 0.0098 (0.0004)  0.0116 (0.0005)
Leakage cascade 0.0016 (0.0003) 0.0068 (0.0004) -0.0081 (0.0005)
Scheduled news -0.0006 (0.0003) 0.0078 (0.0005)  0.0124 (0.0006)
Duration asymmetry 0.0008 (0.0003) 0.0070 (0.0004) -0.0096 (0.0006)
Heavy-jump stress 0.0044 (0.0005) 0.0095 (0.0006) -0.0176 (0.0008)

Entries are paired mean differences with standard errors in parentheses. Flow information is Filtered QVI
minus No-flow QVI; the impulse option is Filtered QVI minus Filtered passive; the oracle gap is Filtered QVI
minus the full-information policy. The latter is an oracle bound only in the correctly specified leakage scenario.

In the leakage cascade, flow information adds 0.001634 (standard error 0.000326), the impulse
option adds 0.006761 (0.000381), and the partial-information policy is 0.008098 (0.000550) below
the correctly specified full-information policy. These quantities answer different questions. The
first holds the impulse architecture fixed and changes the information set. The second holds the
filter fixed and adds immediate inventory reduction. The third measures the value of observing the
regime, not the value of filtering relative to ignoring regimes.

The impulse increment is positive in every data-generating process, ranging from 0.0068 to 0.0098.
Flow information is state dependent: negative in the quiet null and scheduled-news scenario, positive
in leakage, duration asymmetry, and the heavy-jump stress. The experiment therefore supports a
selective claim. Flow is valuable when it predicts the transition law relevant to adverse fills and
public jumps; it is not generically valuable merely because it is observed.
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Incremental value of model components
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Figure 3: Paired objective increments with 95% Monte Carlo intervals. Flow information is Filtered
QVI minus No-flow QVI. The impulse option is Filtered QVI minus Filtered passive. Filtering plus
impulses is Filtered QVI minus Pooled passive.
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Figure 4: Settlement-P&L expected shortfall and mean absolute terminal inventory for three policies.
The impulse-enabled filtered policy closes almost all inventory in the baseline scenarios; residual
inventory rises under heavy-jump misspecification.
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9.4 Duration-aware filtering

For the duration-asymmetry data-generating process, a separate diagnostic compares the baseline
two-state Markov filter with an age-augmented filter. Both see the same high-flow indicator, public
move, and fills generated by tight two-sided quotes. The duration-aware state contains 20 age phases
per economic regime and uses the data-generating hazards. Scores use the prior leakage probability
at each decision date.

Table 5: Filtering under non-geometric regime durations

Filter Brier Log score False positive True positive Delay
Markov 0.1408 -0.4524 0.0595 0.2081 1.810
Duration-aware 0.1318 -0.4229 0.0318 0.1823 1.789

Scores use the prior leakage probability at each decision time. Delay is measured in simulation steps from entry
into a leakage episode to the first posterior above 0.5, censored at episode end.

Filtering under non-geometric regime durations

Brier score Quiet-state false-positive rate
0.14 1 0.06 1
0.12 1 0.05
0.10 1
0.04 A
0.08 +
0.03 1
0.06 -
0.02 1
0.04 +
0.02 4 0.01 A
0.00 - 0.00 -
Markov Duration-aware Markov Duration-aware

Figure 5: Filtering under non-geometric durations. Bars report path means and 95% Monte Carlo
intervals. Lower Brier score and false-positive rate are better.

The duration-aware filter lowers the Brier score from 0.1408 to 0.1318 and improves mean log
score from —0.4524 to —0.4229. Its quiet-state false-positive rate falls from 0.0595 to 0.0318. The
gain is not uniform across classification metrics: the share of leakage observations above 0.5 falls
from 0.2081 to 0.1823. Censored mean detection delay falls only from 1.810 to 1.789 steps, with
median two for both filters. Duration augmentation improves calibration and suppresses false alarms
in this design; it does not dominate at every threshold-based detection measure.

9.5 Multi-outcome settlement risk

The complete-set diagnostic draws 100,000 three-outcome probability vectors from a Dirichlet
distribution with concentration vector (0.8,1.2,1.5) and integer inventories from a bounded grid. It
compares exact risk (23) with the diagonal approximation ;. pr(1 — pk)qz and with the Euclidean
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norm. Pairwise misranking is the probability that two random inventories receive opposite risk
orderings under the approximation and exact covariance.

Table 6: Three-outcome inventory-geometry diagnostic

Diagnostic Value
Maximum complete-set shift error 6.39e-14
Maximum projection error 1.46e-14
Median relative error, diagonal heuristic 38.3%
90th percentile relative error, diagonal heuristic =~ 511.2%
Pairwise misranking, diagonal heuristic 27.2%
Pairwise misranking, Euclidean norm 34.4%

The experiment uses 100,000 independent Dirichlet probability vectors and integer inventory vectors. Numerical
errors are absolute. Misranking is the fraction of random inventory pairs whose risk ordering disagrees with
the exact categorical covariance.

Three-outcome inventory risk
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Figure 6: Exact categorical inventory risk versus the diagonal variance heuristic for 100,000 synthetic
three-outcome states. Hexagon shading is cell count. The diagonal heuristic omits negative cross-
covariances and misranks 27.2% of random inventory pairs.

Adding a complete set changes exact risk by at most 6.39 x 10~ in floating-point arithmetic,
and direct projection to the K — 1 risky coordinates changes it by at most 1.46 x 1074, The
diagonal approximation has median relative error 38.3% and 90th-percentile relative error 511.2%;
it misranks 27.2% of pairs. Euclidean inventory norm misranks 34.4%. The result is algebraic, not
a fitted regularity: multi-outcome controllers should use categorical covariance or an equivalent
reduced-coordinate representation.
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9.6 Numerical verification

Four implementation invariants are checked automatically: the public transition is an exact con-
ditional martingale at every probability-grid node; observation probabilities sum to one; every
posterior remains in [0, 1]; and complete-set shifts leave categorical risk unchanged. In a short-
horizon instance whose dynamic-programming initial value is 0.00293037, a 30,000-path simulation
of the computed policy gives 0.00294455 with standard error 0.00009853. The difference is 0.144
Monte Carlo standard errors.

Belief-grid refinement holds the economic grid fixed. Initial values are 0.0169559, 0.0169242, and
0.0169159 on 11, 21, and 41 posterior points. The change from 21 to 41 points is 8.28 x 107°, or
0.049% of the fine-grid value. These checks do not prove convergence of the particular parameterized
experiment to the continuous-time model. They verify probability conservation, policy reproduction,
and stability with respect to the principal interpolation grid.

For the external diffusion benchmark, the computed initial value changes from 12.2187 on a
(160, 101,201) time—price—quote grid to 12.2532 on the reported (400,201, 401) grid, a 0.28% change.
The largest terminal fixed-point residual over the fine-grid backward solve is below 2.0 x 1079,

More generally, a locally consistent, monotone, stable discretization of (20) converges to its
unique viscosity solution as the time and state meshes vanish, provided the intervention operator is
discretized monotonically and comparison holds [Kushner and Dupuis, 2001, Barles and Souganidis,
1991]. The finite experiment reported here is solved exactly on its stated grid; it is not presented as
a calibrated continuous-time limit.

10 Limitations and scope

The theoretical model is broader than the numerical instance, and the numerical instance is
intentionally small. Six limitations delimit the results.

First, no live order-book data are used. Fill probabilities, jump frequencies, regime hazards,
spreads, and costs are simulation inputs. The numerical magnitudes cannot support claims about
market capacity, net profitability, or external validity. Empirical use would require timestamped
quotes, trades, cancellations, queue position, fees, resolution rules, and a causal calibration protocol.

Second, the maker is small. Its quotes affect its own fill likelihood and therefore its observations,
but not the public price, external order flow, or other agents’ strategic behavior. A large-maker
model would require price impact or a game among liquidity suppliers.

Third, the two-state controller is parsimonious. Public news, gradual leakage, manipulation,
correlated contracts, and platform outages need not share the same latent law. Phase augmentation
handles duration distributions but not arbitrary structural misspecification.

Fourth, the objective is a quadratic risk criterion. It makes local price covariance and terminal
settlement covariance explicit, but it is not expected utility and does not impose a pathwise solvency
constraint. Exponential utility, drawdown limits, collateral rules, and hard liquidation requirements
can change the intervention region.

Fifth, the multi-outcome numerical study isolates risk geometry rather than solving the full
K-outcome QVI. The K —1 reduction controls dimensional growth only when complete-set execution
and costs preserve the relevant translation invariance. Cross-contract fills, logical dependence across
separate markets, and joint collateral constraints require additional state variables.
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Sixth, the external benchmark is a reproduction from the published model description, not a
byte-for-byte execution of the authors’ code. The restricted optimal-policy results are close, but
the unbounded myopic risk statistics are higher than the published values and are sensitive to
the discrete inventory convention. The common-bound comparison is therefore the appropriate
controlled contrast within this paper; it should not be read as an audit of the original implementation.

These limits suggest a direct validation sequence: estimate a causal flow and jump model on a
training period; evaluate filter calibration before policy returns; estimate quote-dependent fills with
queue information; freeze the controller; and test out of sample with fees and latency. Synthetic
stress tests should remain part of that process because observed samples contain few extreme
information events.

11 Conclusion

Prediction-market making is a control problem under endogenous information risk. Order flow can
forecast public probability jumps, and fills can be observations of the same hidden state that makes
them adverse. Treating the filter as part of the controlled state leads to a coherent policy over bid
and ask offsets, withdrawal, and immediate inventory reduction. The resulting HJB-QVI separates
continuation and intervention decisions without separating inference from execution.

Four conclusions survive the controlled experiments. First, in the diffusion-only passive limit,
the model recovers the optimal-policy risk and inventory behavior of the closest existing prediction-
market control benchmark. Second, flow information has positive value only in data-generating
processes where it predicts relevant state changes; it is costly under an uninformative-flow null and
slightly costly around purely scheduled news. Third, the option to cross the spread and reduce
inventory contributes more than flow conditioning in every scenario examined and materially reduces
settlement-tail losses. Fourth, complete-set covariance is not a minor correction in multi-outcome
markets: diagonal and Euclidean penalties frequently rank inventories incorrectly.

The paper’s theoretical contribution is a standalone stochastic-control formulation that combines
probability-simplex martingales, controlled latent-state filtering, flow-modulated jumps, categorical
settlement risk, and regular/impulse liquidity decisions. Its numerical contribution is a reproducible
diffusion-benchmark replication followed by synthetic diagnostics with negative controls and mis-
specification stresses. Matching the nested optimum validates the restriction; incremental value is
attributed only to additional information or admissible actions under common evaluation conditions.
Market-data estimation is a separate step and remains necessary before operational conclusions can
be drawn.

A  Proofs and theoretical details

A.1 Proof of the simplex-martingale proposition

Because 17Y = 0 and every jump mark satisfies 1Tz = 0, applying 17 to (2) gives 1P, =1TPy = 1.
At a boundary face pr = 0, the continuous normal covariance vanishes by eZZ = 0. Every jump
maps p to p + z € AKX~ The mean-zero mark condition removes a deterministic compensator
drift that could point out of the face between jumps. Standard stochastic-invariance results, or a
localization argument applied face by face, then give PF > 0 for all k. Thus P, € AK—1,
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The stochastic integrals in (2) have zero conditional mean after localization, so each coordinate is
a local martingale. Since 0 < PF < 1, it is uniformly integrable and therefore a true martingale. [

A.2 Binary logit drift

Apply Itéd’s formula with jumps to S(X;). The predictable finite-variation coefficient is
1
S'(@)px (. hot) + 58" (2)0% (2, b 1) + / {S(x +2) = S(z) — §'(2)2}vx (z, b, t, d2).

It vanishes if and only if (5) holds. The remaining Brownian and compensated-jump terms are local
martingales. Because S(X) € (0, 1), the local martingale is a true martingale under nonexplosion.
This also shows why setting the logit drift to zero generally violates the martingale condition in
probability space.

A.3 Controlled filtering and separation

Fix an admissible predictable control. Conditional on the hidden state, the continuous public
covariance is common and the observed marked point processes have bounded intensities. The
Kallianpur—Striebel change-of-measure construction gives unnormalized state weights. Normalization
yields (14); compensating the no-event likelihood and applying the hidden generator yields (15).
All coefficients depend on the observation history only through the current observable state and the
current predictable control, so (P, H, 7, Q) is a controlled Markov process.

For any admissible history-dependent policy, regular conditional probabilities determine its
continuation distribution given the separated state. Standard Markovization replaces the history-
dependent kernel by a relaxed Markov control with the same state-action occupation law and
reward. Compactness and continuity permit an ordinary measurable selector. Impulses are included
by conditioning at intervention stopping times. This proves Theorem 1. The construction is the
controlled-observation analogue of finite-state filtering and does not remove the dependence of 7 on
past controls.

A.4 Dynamic programming and viscosity characterization

Under Assumption 3, the controlled state has a unique nonexplosive weak solution between impulses.
Bounded inventory, compact continuous state, and ¢y > 0 exclude infinitely many profitable inter-
ventions in finite time. Concatenation of controls at stopping times gives the dynamic programming
principle.

To obtain the subsolution property, touch the upper semicontinuous envelope of v from above
with a smooth test function at a point in the continuation region. Apply the dynamic programming
principle over a short interval before the first impulse and use [t6’s formula for the controlled jump
process. Optimizing over regular controls gives Hv < 0 in the sign convention of (20); immediate
intervention gives Mv — v < 0. The supersolution argument uses a test function touching from
below and e-optimal controls. At points in the intervention region, the impulse inequality supplies
the required branch. The terminal condition follows from the absence of further trading after 7.

For comparison, double the continuous variables and use the finite inventory index componentwise.
Properness of the Hamiltonian, bounded jump measures, uniform continuity of the posterior reset
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maps on positive-mixture-likelihood sets, and the positive impulse-cycle cost prevent a maximizing
sequence from alternating indefinitely between intervention branches. The nonlocal terms are
controlled by the integro-differential Jensen—Ishii argument. State-constraint test functions handle
viable simplex faces. Comparison implies uniqueness. If v is smooth enough for It6’s formula and
maximizing selectors exist, applying the formula along the selected controlled process and using the
QVT inequalities proves verification.

A.5 Proof of complete-set invariance

Since 1Tp =1,

C(p)1 = diag(p)l —pp'1=p—p=0.
Symmetry gives 17C(p) = 0, so expanding (¢ + ¢1)TC(p)(q + 1) leaves ¢" C(p)q. For interior p,
equation (23) is zero only if g = qu for all k, hence ¢ is constant across outcomes. OJ

B Discrete transition and Bellman details

For regime s, public node i, activity a, and quote action d = (dp, d,), the program enumerates
o= (f,m,b,r). Let a(p) = 4p(1 — p) and

us(i,a) = min{0.92, a(p;) (v + u’la/2)}.

Then 1
Q(m=0]|s,i,a) =1 — us(i,a), Q(m = =£1] s,i,a) = ius(i,a).

The activity recursion is @’ = min(2,a + 1) after high flow and a’ = max(0,a — 1) otherwise.

Let ¢, be the ordinary fill probability at quote level £ € {0, 1,2}, with ¢ = 0. It is multiplied
by an activity term and a selection term. For a bid, the selection term is 1 + (s before a down
move, max (0.2, 1 — 0.32¢;) before an up move, and one without a move. The ask rule reverses the
signs. Probabilities are clipped at 0.88. Conditional independence of bid and ask Bernoulli draws is
imposed after conditioning on (s, f, m).

Let R, be the post-quote continuation operator, including cash flow and belief interpolation. In
compact notation,

Rn(P, a, T, dq, d) = Z E(O ‘ p,a,m, d){cquote(p’ d7 0)

7

Vi (#(0), (0, 7(0), 4 (0)} — 2

q2o-2Ap(p7 a’? Tr)'

The impulse-first Bellman equation is

Va(p,a,m,q) = max { —p(G—q) — hlg—q| — (G- q)*
q9€R(q)

+ max R,(p,a,,q; d)}, (33)
deD(q)

where R(q) is the set of integer inventories between ¢ and zero. The passive policy fixes ¢ = ¢q. The
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full-information policy replaces ™ by the observed state and sums over the next state using G.

C Scenario and policy details

The leakage cascade uses the parameters in Table 2. In the quiet null, high-flow probability is 0.22
in both states, nonzero-move probability at p = 0.5 is 0.13, the activity increment is zero, the fill
multiplier is one, and the adverse-selection coefficient is 0.24 in both states. Scheduled news uses
high-flow probability 0.20 in both states, baseline move probability 0.07, and move probability at
least 0.584p(1 — p) from decision date 16 onward.

The duration-asymmetry process switches out of quiet with hazard
ho(d) = min(0.025 4 0.012d, 0.23)

and exits leakage with
hi(d) = min(0.10 + 0.13d, 0.88),

where d is current regime age. The heavy-jump stress changes high-flow probabilities to (0.16,0.66),
baseline move probabilities to (0.10,0.46), activity increments to (0.03,0.20), and adverse-selection
coefficients to (0.20,1.75). Conditional on a nonzero move and sufficient distance from the boundary,
the move has size two grid points with probability 0.34.

The fixed-threshold and flow heuristics share an inventory skew: at inventory at least two, the
bid is removed and the ask is tight; at inventory at most minus two, the ask is removed and the bid
is tight. The myopic policy uses the same skew and otherwise posts tight quotes. These rules are
intentionally simple; their role is to make the value of dynamic optimization visible, not to represent
optimized industry baselines.

D Additional numerical tables

Table 7: Belief-grid refinement with fixed economic discretization

Grid Posterior points Initial value Change from preceding grid
Coarse 11 0.0169559 —
Baseline 21 0.0169242 —0.0000317
Fine 41 0.0169159 —0.0000083

All rows use an eight-step horizon, inventory bound two, and probability-grid spacing 0.05. Only the
posterior grid changes.

Table 8: Short-horizon policy-value reproduction

Quantity Value
Backward-induction initial value 0.00293037
Monte Carlo mean 0.00294455
Monte Carlo standard error 0.00009853
Standardized difference 0.144
Simulation paths 30,000
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